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Diffusion dependent Overdamped Langevin dynamics

e Aim: Estimation of E.[f] = f@r(q)dg, moxe PV
Td

with the estimator
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Diffusion dependent Overdamped Langevin dynamics

e Aim: Estimation of E.[f] = f(@Q)m(q)dg, 7 oxe PV
Td

with the estimator

e Difficulty: explore anisotropic potentials with multiple minima

e Solution: 1

dgi = (=D(q)VV (q) + B divD(q)) dt + /26-1D(g)"/*dW,

'Bou-Rabee/Donev/Vanden-Eijnden (2014)
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Diffusion dependent Overdamped Langevin dynamics

e Aim: Estimation of E.[f] = f(@)m(q)dg, mx e AV
Td

with the estimator

e Difficulty: explore anisotropic potentials with multiple minima

e Solution: Position dependent pos. def. sym. matrix D!

dg = (_D(Qt)VV(C]t) + g7t div D(qt)) dt + WD(Qt)lﬂth

e Challenge: Find optimal diffusion coefficient D to accelerate
convergence

'Bou-Rabee/Donev/Vanden-Eijnden (2014)
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Quantify convergence rate

e Related to the spectral gap of the dynamics’ generator Lp:
Lpp = (—DVV + 7 1divD) - Vo + 57D : Vp

Then for any initial distribution 7, the law 7; of the process ¢; satisfies?

e

A(D): spectral gap of —5Lp >0

o—A(D)B1

E

_1‘
s

L2(m) L2(m)

2L elievre/Nier/Pavliotis (2013)
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Quantify convergence rate

e Related to the spectral gap of the dynamics’ generator Lp:
Lpp = (—DVV + 7 1divD) - Vo + 57D : Vp

Then for any initial distribution 7, the law 7; of the process ¢; satisfies?

e

A(D): spectral gap of —5Lp >0

o—A(D)B1

E

_1‘
s

L2(m) L2(7)

e Goal: Compute, explicitly or numerically, D* leading to largest spectral
gap

2L eliévre/Nier/Pavliotis (2013)
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Quantify convergence rate

e Related to the spectral gap of the dynamics’ generator Lp:
Lpp = (—DVV + 7 1divD) - Vo + 57D : Vp

Then for any initial distribution 7, the law 7; of the process ¢; satisfies?

e

A(D): spectral gap of —5Lp >0

o—A(D)B1

E

_1‘
s

L2(m) L2(7)

e Goal: Compute, explicitly or numerically, D* leading to largest spectral
gap

e Need to set normalizing constraints on D: A(aD) = aA(D) P +o0
a——+00

2L eliévre/Nier/Pavliotis (2013)
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Quantify convergence rate

e Related to the spectral gap of the dynamics’ generator Lp:
Lpp = (—DVV + 7 1divD) - Vo + 57D : Vp

Then for any initial distribution 7, the law 7; of the process ¢; satisfies?

e

A(D): spectral gap of —5Lp >0

o—A(D)B1

E

_1‘
s

L2(m) L2(7)

e Goal: Compute, explicitly or numerically, D* leading to largest spectral
gap
e Need to set normalizing constraints on D: A(aD) = aA(D) P +o0
a——+00

e Examples: Approach mainly used in Bayesian Inference3: D = (V2V)~!
Other works* suggest D o eV,

2L eliévre/Nier/Pavliotis (2013)

3Girolami/Calderhead (2011)

“Roberts/Stramer (2002), Leliévre/Pavliotis/Robin/Santet/Stoltz (In prep.)
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Which diffusion coefficient? Metastability case

e Example with V(¢) = sin(47q)(2 + sin(27q))
Dopt, Dexp = €%V, Dest = a € R (all three normalized in L?(r))

Potential energy

optimal diffusion
homogenized diffusion
constant diffusion

-6 £ " A L .
o 250%10° 5.00%10° 7.50%10° 1.00x1¢°

/\ RWMH example trajectories (same noise)

0.00 025 0.50 075 100
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Which diffusion coefficient? Metastability case

e Example with V(¢) = sin(47q)(2 + sin(27q))

D()p‘m Dexp = eﬁ

0.00 025 0.50

=5 optimal diffusion
homogenized diffusion
constant diffusion

V Dt = a € R (all three normalized in L?())

Potential energy

"
0 250%10°

L . .
5.00%10° 7.50%10° 1.00x1¢°

RWMH example trajectories (same noise)

e ‘Optimal’ D helps to cross energy barriers (if V' 1, then D 1)

R. Santet (CERMICS)

Birmingham Workshop

May 4 2023 4/21



Formulation of the optimization problem

e Using Lp = —B7'V*DV on L%(7), the spectral gap of —BLp is

/ udr = 0}
Td

de Vu'DVudr
Jpau?dm

A(D) = min
ueH1(T4)\{0}
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Formulation of the optimization problem

e Using Lp = —B7'V*DV on L%(7), the spectral gap of —BLp is
Vu'DVud
A(D) = min {fﬂl‘d “ v / udﬂ':()}
Td

uweH(T9)\{0} Jpau?dm
e LP constraint on D: D € LE (Td,/\/la’b) for1<p<+o0,a,b>0if

e PV ODD(g) € Mgy = {M €SS ‘Vé eRYaleP <€TMELH! 15\2} a.e

1/p
HD\Lg:(/ D(g)Le—Va >dq)

D2 — {D € L(T% M) ‘ DIz < 1}

endowed with
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Theoretical analysis of the optimization problem

V € C>®(T%), V and 7 bounded on T¢
7 satisfies a Poincaré inequality

94" weakly closed for LE

D — A(D) concave

Theorem [Existence of a maximizer]

For any p € [1,+00), there exists

D} = arg max A(D)
DeDp’

The maximizer is such that
o Dl =1
e For any open set Q C T¢, there exists ¢ € (2 such that D;y(q) #0
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Maximizer characterization: Euler—Lagrange equation

e Differentiability issues when A(Dy) is degenerate (which is expected)
— smooth-maximum approach

n ax;
Diz1 T

T - max &I;.
STy OO asrioe Lsicn

falz1, .. my) =
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Maximizer characterization: Euler—Lagrange equation

e Differentiability issues when A(D}) is degenerate (which is expected)
— smooth-maximum approach

iy i
ol oeoim) = T S o I

Euler—Lagrange equation
d
L i )
dtfa( 'Dp+t§D o

and formal limit when o« — 400 leads to

d
7 1P + 1D =0

t=0

No
2— — 7 i
Dj(q) = 7 [Dp(a)|5 7"V " V. (q) @ Vup, (q)

i=1
with (uz *>
Dy ) 1<i<n

<i<N2

eigenvectors associated to A(D*).
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Maximizer characterization: Euler—Lagrange equation

e Differentiability issues when A(Dy) is degenerate (which is expected)
— smooth-maximum approach

iy i
ol oeoim) = T S o I

Euler—Lagrange equation
d
3l (£D;+tap> _

and formal limit when o« — 400 leads to

=0
t=0

d
. +y 5 | Dy + t6D|[,

N2
2— — 7 %
Dj(q) = 7 [Dp(a)|5 7"V " V. (q) @ Vup, (q)
=1

with (ub) eigenvectors associated to A(D*).
»/ 1<i<Na
e Discussion about positivity (ergodicity issues 7)
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Numerical approximation of the optimization problem

e For simplicity, D(q) = 2(q)14
e Piecewise constant approximation for & on T¢

e P; Finite Elements approximation to compute (A(D), up):

| A(D)up = A(D)Bup |

with

A;;(D) = /V%TDV%' dm, B;; = /903‘901' dr

e Generalized eigenvalue problem: A sym., B pos. def. sym.
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Numerical results - 1

optimal diffusion
mogenized

- nstant diffu:
15 - ~ — - target distribution

‘V(q) = sin(47q)(2 + sin(27q)) ‘

optimal diffusion

L — — Euler-Lagrange formal characterization

Non-degenerate eigenvalue
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Numerical results - 2

optimal diffusion
25 ——— homogenized diffusion
—--—- constant diffusion
— — - target distribution
2.0 /
V(q) = cos(2mq)
15
optimal diffusion
/ ——— Euler-Largande formal characterization
1.0 L 2.0
/£
/
0.5 -~
E 4 15
0.00 0.25 0.50 0.75 1.00
2nd_cig
3rd_eig 10
. atneig
o0 05 Lo .
0.00 0.25 0.50 0.75 1.00
s
Degenerate eigenvalue
50
o 50 100 50 200
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Optimal diffusion in the homogenized limit

e Previous procedure only helpful in low dimensions
e Need to solve a high-dimensional generalized eigenvalue problem

Goal: Obtain a good approximation of the optimal diffusion

e Idea 1: study the asymptotic behaviour of the optimal diffusion in the
homogenized limit

e Idea 2: optimize the periodic homogenization limit

Homogenization
D > D
k—+o00 7 ~Hom
5 o
2 E}
By 3
£ N’
2 =3
o E
D* Homogenization ?\?

k—4o00
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Periodic homogenization procedure

e Decrease the period: (Z/k)%-periodic functions Vi x(q) = V (kq) and

Dy x(q) = D(kq)
/ we PVar = 0}
']Td

e Write the spectral gap problem:

Vu Dy, Vue BV#k
Ay (D) = min Jra VU #’k_ ue
ue H(T4)\ {0} Jpa u? e PVan

5See for instance Allaire, Shape Optimization by the Homogenization Method (2002)
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Periodic homogenization procedure
e Decrease the period: (Z/k)%-periodic functions Vi x(q) = V (kq) and
Dy k(q) = D(kq)
e Write the spectral gap problem:
Vu Dy, Vue BV#k
f'Ed f’k_ﬂv / we BVer —
de u“e #:k Td
e Use H-convergence:® 31 ¢ @;ﬁ’b, Ay k(D) —— Apiom (D) with
k——+o00
Vu'DVu
Atiom(D) := min de—Q / u=20
ueH(T4)\{0} Jpau T4
e D can be expressed using D and corrector functions appearing in the
H-convergence procedure

Aer(P)= i o

5See for instance Allaire, Shape Optimization by the Homogenization Method (2002)

R. Santet (CERMICS) Birmingham Workshop May 4 2023 12 /21



Optimization of the homogenized limit

Goal: compute D ———— Duom

ﬁom: Sup AHOHI(D) l‘c’o
Deoj’

*
DHom

Theorem [Analytic expression]

e Linear constraint: For a fixed M € S:FL, under the constraint, de Ddr =
M,

| Ditom () = M/7(q) |

is a maximizer.
e L? constraint, d = 1: Under the constraint |D||;» <1,

D*

Hom

(q) =V @

is a maximizer.
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Homogenization of the optimal diffusion

Goal: optimize for a given k > 1, then let & — +o0

e Recall the oscillating potential Vi 1.(q) = V(kq). Let D;é'{_’k_p = @Z’b but
defined with V4 j, instead of V. .

e Let
Vu DV e BAV#k
A¥(D) = min Jus v / we PV#E =0
we HL(T)\{0} Jpa u? e PVar Td
and
= max AF(D)
DeDyl,
R. Santet (CERMICS)
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Homogenization of the optimal diffusion

Goal: optimize for a given k > 1, then let & — +o0
e Recall the oscillating potential Vi 1.(q) = V(kq). Let Q;Lél_)k,_,, = 29" but

defined with V4 j, instead of V.
o et
/ we PV = 0}
Td

VuTDVue PVer
AMD)=  min {fw uDVue

we HL(T)\{0} Jpa u? e PVar

and

A= max A¥(D)

a,b
DeDy 5y,

There exists a maximizer D** € D% such that, denoting by D;g*k( =

DF*(kq),

A (DY) = A
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Commutation between Homogenization and Optimization

The sequence (A**);~1 converges to Ay, = A(Dfjom)-

Hom
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Commutation between Homogenization and Optimization

The sequence (A**);>1 converges to A}

- A(Dl*{om)

Hom -

e This implies that a good proxy (d = 1) is D, = e’V

1 Hom
e In this case, D = (fTe_BV)_ =71 and

fom = 4m2Z71
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Numerical results - 3

homogenized diffusion

30 ®
26
3
2
* 2 4 6 8 10 2
k
A K x *
(A™7);-1 converges to Afj
1
o
.
¢4 I ,
LY 0.00
5 (I)/.'.*)
kY - k
107

k
R. Santet (CERMICS)

Birmingham Workshop

>1 and D

*
Hom

(rescaled with

1/k unit cell)
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Numerical results - Application to sampling experiments - 1

" ‘V(q) = sin(4mq)(2 + sin(27q)) ‘

05 u’/“"‘“‘“
| el ol

: /

o P P -~ Tova L
Number of iterations

° 250x10" 5.00x10" 7.50x10" 1.00x10°
Number of iterations

Constant diffusion coefficient

. Optimal diffusion coefficient
o 2.50x10" 5.00x10" 7.50x10" 1.00x10° ’
Number of iterations Number of iterations
Homogenized diffusion coefficient Mean square distance (averaged)
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Numerical results - Application to sampling experiments - 2

Diffusion coefficient ‘ Constant Homogenized Optimal

Spectral gap 2.16 10.57 11.23
30 + optimal diffusion
~ = = homogenized diffusion
—-—-- constant diffusion
25
L—F— -
-

a . -
g 20f P
Bl e —m— —1
[+
8]
‘o 15 |
>
=
o

10

s —

10t 1072 1077
At

Transition times between the two wells, Niransitions = 10°
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Conclusion

e Using a position-dependant diffusion coefficient can help sample rare
events, cross energy barriers, etc.

e Optimization problem can be solved numerically in low dimensions
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Conclusion

e Using a position-dependant diffusion coefficient can help sample rare

events, cross energy barriers, etc.
e Optimization problem can be solved numerically in low dimensions

e Good approximation with homogenization procedure: Dy =~ = eV

e In high-dimension, use and coordinate reaction &:

D(q) ePF(E(a)
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Conclusion

e Using a position-dependant diffusion coefficient can help sample rare
events, cross energy barriers, etc.

e Optimization problem can be solved numerically in low dimensions

e Good approximation with homogenization procedure: Dy =~ = eV

e In high-dimension, use and coordinate reaction &:

D(q) ePF(E(a)

e Spectral gap is only one criterion: sampling issues when D*(q) =~ 0

e Normalization constraint on D: which one to choose ?
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Perspectives - 1

e Adapt to nonequilibrium dynamics: non-gradient force I, use biasing
scalar function £ > 0

dg/ = E(q)) (=VV(¢/) +nF(qf)) dt ++/2E (g ) AW

e L/ is not self-adjoint: optimize real part of the spectral gap

e Antisymmetric part in the gen. eigen. problem, complex eigenvalues
(A= M) ug = A(E) B(E)us
AeS;, MeA, BeSS™
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Perspectives - 2

e Adapt to QSD: from a metastable state A4, if P is a QSD i.e.

Lrvp =AD)vp on A
Vp = 0 on 0A

e Then to accelerate convergence, we maximize Ay — A1 which amounts to

max X2(D)

D+ proper normalization

e It is observed numerically that there is indeed an optimum when
D o e®V, with a = 1.5 (normalization constraint effect)
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Perspectives - 2

e Adapt to QSD: from a metastable state A4, if P is a QSD i.e.

Lrvp =AD)vp on A
Vp = 0 on 0A

e Then to accelerate convergence, we maximize Ay — A1 which amounts to

max X2(D)

D+ proper normalization

e It is observed numerically that there is indeed an optimum when
D o e®V, with a = 1.5 (normalization constraint effect)

Thank you !
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Which diffusion coefficient? Anisotropic case

e Anisotropic diffusion coefficient Dyan(q) = ela +dG" /|lq||?, ¢ = (—y x)T
e sotropic diffusion coefficient Dope = (1 +€)l2, € =10.1
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Which diffusion coefficient? Anisotropic case
e Anisotropic diffusion coefficient Dyan(q) = ela +dG" /|lq||?, ¢ = (—y x)T
e sotropic diffusion coefficient Dope = (1 +€)l2, € =10.1

Computing: after fixed number of iterations, distance to the invariant
measure of the angle distribution (uniform on [0, 27])

v 175
10 150

125
05

100
00

075
05

050
Lo 025
15 o
215 -10 -05 oo 05 10 15
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=&~ Aniso_GHMC

Average of total variation distance

Time step At
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Which diffusion coefficient? Anisotropic case

e Anisotropic diffusion coefficient Dyan(q) = ela +dG" /|lq||?, ¢ = (—y x)T
e sotropic diffusion coefficient Dope = (1 +€)l2, € =10.1

Computing: after fixed number of iterations, distance to the invariant
measure of the angle distribution (uniform on [0, 27])

1072

-8 Iso_HMC
1073 @ Aniso_HMC
—A- Iso_GHMC

=&~ Aniso_GHMC

Average of total variation distance

Time step At
= Compromise: small/large time steps (exploration vs rejection)
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H-convergence

Definition [H-convergence]

A sequence (A¥)y>1 C L(T% Ma,,,) H-converges to A € L™= (T4 M,) if, for
any f € H-'(T%) such that (f, 1) -1 g1 = 0, the sequence (uF)s1 € HY(T?)
of solutions to

—div (AkVuk) =f onT%

/ u"(q)dg = 0
Td
satisfies in the limit & — +o0,
ufF = weakly in H'(T%),
APVuF ~ AVu  weakly in L*(T%)?,

where u € H'(T?) is the solution of the homogenized problem

—div (ZVU) =f onT¢
/ u(q)dg =0
Td
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Periodic homogenization

Definition [Correctors]

If A = Dexp(—pV), (wi)1<ica € HY(T?) is the family of unique
solutions to the problem

—div(A(e; + Vw;)) =0,

/ w =0
Td

Then for any ¢ € R?,

fTﬁf = fT </11‘d D(Q)dﬂ> £ — /Td ng—DngdW.
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