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Using a position dependent diffusion coefficient' D: favoring exploration | | ® Need to check for torward/backward con-

in anisotropic or metastable potential landscapes — faster convergence to | | vergence of implicit method and reversibil-
steady-state. ity check when using Newton’s/fixed-point

iteration methods®”

dg: = <—D(qt)VV(qt) | div D(Qt)> dt + \/26-1D(q;) AW, (1) e Starting from qg, given a time step At,

5,
1. Simulate pg ~ N (0, D(q())_l),

2. Integrate the Hamiltonian dynamics
using GSV during At

e Aim: Unbiased estimation of E(p) = /gp(x) r(dz), mw=e "V, Bl =kgT
Q
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150 Vi(z,y) = 100(z~ +y~ — 1) o if this forward integration does not
converge, stay in place: return

(C_I1,p1) — (Clo,po)

e ifit converges to (gx, p«), integrate
the Hamiltonian dynamics start-
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Anisotropic diffusion coetficient

- DTangent(Q) — 512 - qu/‘|Q||27 g — (_y aj)T
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. [sotropic diffusion coetficient ing from (g., —p.):
e Done = (14 &)ly, &= 0.1 — if this backward integration
D R I T : does not converge, stay in
- place

— else if the result differs from
— %mfg:nnf“m (qo, —po), stay in place
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3. Apply the M-H procedure between
(qo,po) and (gx, px) and return the po-
sition component.
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g e ‘ ol GHMC can be recovered by integrating an
I Ornstein-Ulhenbeck process for the first step.
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e There are 4 ways to reject the proposal: no
forward /backward convergence, no numer-
ical reversibility, M—H ratio computation.

E bet irical le distributi d unif . . .
ITOT between empitical angle distibulion and unitorm ., error for optimal time steps in HMC case.

distribution on [0, 27] after 10° iterations.

e Issue: Rejection rates scales as O (At'/?) for Euler-Maruyama + Metropolis—Hastings. e Even for large time steps, unbiased sam-

pling of the configuration space.
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BETTER UNBIASED NUMERICAL SAMPLING ?

e Solution: Riemann Manifold (Generalized) Hamiltonian Monte Carlo?? scheme based on

o
iy

Langevin dynamics integration. ;’ | %f \ i ; o |
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th — VPH(Qt7 pt) d¢ 20 / 7 \‘ 02T i Wi |
/2 . Lo v -
dpt — _qu(Qtvpt) dt — VVPH(Qtapt) dt T % th - T}ﬁm_ﬂ 0 1 ﬁ%\

GHMC w/ rev check GHMC w/o rev check

e Rejection rates scale as O(At°). But need to have a time-reversible and volume-preserving At — 0.86

numerical integrator>.
e Generalized Stormer—Verlet [GSV]: implicit symplectic time-reversible integrator®

ol At il REFERENCES
p=p VqH(q, 2) -
. Bou-Rabee, A. Donev, an . Vanden-Fijnden.
2 [1] N. Bou-Rabee, A. D d E. Vanden-Eijnd
At 1 1 “Metropolis integration schemes for self-adjoint diffu-
q”“ = q” | (va (q", pn+§) -+ VpH <qn+1 ; pn+§ )) sions”. In: Multiscale Modeling & Simulation (2014).
2 [2] S.Duane, A. D. Kennedy, B. J. Pendleton, and D. Roweth.
pn +1 _  n+d At e (qn +1 pn +1 ) “Hybrid Monte Carlo”. In: Physics Letters B (1987).
2 ! 7 [3] M. Girolami and B. Calderhead. “Riemann Manifold
. o . . . . o _ Langevin and Hamiltonian Monte Carlo methods”. In:
Proposition. GSV is first order weakly consistent with the O.L. dynamics with multiplicative noise (1) Journal of the Royal Statistical Society: Series B (Statistical
1 1 Methodology) (2011).
when Ustng the Hamiltonian H(Qv p) — V(Q) - 5 In (det(D(Q))) T 5]? D(Q)p° E. Hairer, G. Wanner, and C. Lubich. “Symplectic integra-
tion of hamiltonian systems”. In: Geometric Numerical Inte-
5 5 gration: Structure-Preserving Algorithms for Ordinary Differ-
Sampling results for a double-well confining potential V' (q) = q2 — 14+ Ke 94 /(20 ), oscillating diffusion coefficient D (q) = < 1+COQS (rq) > . ential Equations, 2006.

T. Lelievre, M. Rousset, and G. Stoltz. Free Energy Compu-
tations: A Mathematical Perspective. Imperial College Press,

% : p il ,A AX 2010.

7 i 1 v T. Lelievre, M. Rousset, and G. Stoltz. “Hybrid Monte
/,ﬁﬂﬂﬂf( Tr%m\ M M \ ’m v W Hﬁ ﬂ ’( h Tm}m\ Carlo methods for sampling probability measures on sub-
o0 L= | : : : o0 Lz : 0 M oo Lot T 0o Lot : Ls-r : manifolds”. In: Numerische Mathematik (2019).

m N q
e il F

- 1

At = 0.18 At = 0.69 At = 0.86 At = 1.68 E. Zappa, M. Holmes-Cerfon, and J. Goodman. “Monte

Carlo on manifolds: sampling densities and integrating
functions”. In: Communications on Pure and Applied Math-

ematics (2018).

e Unbiased sampling with Metropolis—Hastings scheme: naive approach is biased !



