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DIFFUSION DEPENDENT OVERDAMPED LANGEVIN DYNAMICS

Using a position dependent diffusion coefficient1 D: favoring exploration
in anisotropic or metastable potential landscapes =⇒ faster convergence to
steady-state.

dqt =

(
−D(qt)∇V (qt) +

div D(qt)

β

)
dt+

√
2β−1D(qt) dWt (1)

• Aim: Unbiased estimation of E(ϕ) =

∫
Ω

ϕ(x)π(dx), π = e−βV , β−1 = kBT .

V (x, y) = 100(x2 + y2 − 1)2

Anisotropic diffusion coefficient

DTangent(q) = εI2 + q̃q̃T/‖q‖2, q̃ = (−y x)T

Isotropic diffusion coefficient

DOne ≡ (1 + ε)I2, ε = 0.1

Error between empirical angle distribution and uniform
distribution on [0, 2π] after 105 iterations.

Mean error for optimal time steps in HMC case.

• Issue: Rejection rates scales as O
(
∆t1/2

)
for Euler–Maruyama + Metropolis–Hastings.

BETTER UNBIASED NUMERICAL SAMPLING ?
• Solution: Riemann Manifold (Generalized) Hamiltonian Monte Carlo2,3 scheme based on
Langevin dynamics integration.dqt = ∇pH(qt, pt) dt

dpt = −∇qH(qt, pt) dt− γ∇pH(qt, pt) dt+

√
2γ

β
dWt

• Rejection rates scale as O(∆t3). But need to have a time-reversible and volume-preserving
numerical integrator5.
• Generalized Störmer–Verlet [GSV]: implicit symplectic time-reversible integrator4
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Proposition. GSV is first order weakly consistent with the O.L. dynamics with multiplicative noise (1)

when using the Hamiltonian H(q, p) = V (q)− 1

2
ln (det(D(q))) +

1

2
pTD(q)p.

Sampling results for a double-well confining potential V (q) = q2 − 1 +Ke−q
2/(2σ) , oscillating diffusion coefficientD(q) =

(
1+cos(πq)

2

)2
.

∆t = 0.18 ∆t = 0.69 ∆t = 0.86 ∆t = 1.68

• Unbiased sampling with Metropolis–Hastings scheme: naive approach is biased !

IMPLICIT INTEGRATION
• Need to check for forward/backward con-
vergence of implicit method and reversibil-
ity check when using Newton’s/fixed-point
iteration methods6,7

• Starting from q0, given a time step ∆t,

1. Simulate p0 ∼ N (0, D(q0)−1),

2. Integrate the Hamiltonian dynamics
using GSV during ∆t

• if this forward integration does not
converge, stay in place: return
(q1, p1) = (q0, p0)

• if it converges to (q?, p?), integrate
the Hamiltonian dynamics start-
ing from (q?,−p?):

– if this backward integration
does not converge, stay in
place

– else if the result differs from
(q0,−p0), stay in place

3. Apply the M–H procedure between
(q0, p0) and (q?, p?) and return the po-
sition component.

GHMC can be recovered by integrating an
Ornstein-Ulhenbeck process for the first step.

• There are 4 ways to reject the proposal: no
forward/backward convergence, no numer-
ical reversibility, M–H ratio computation.

• Even for large time steps, unbiased sam-
pling of the configuration space.

∆t = 0.86
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