
Optimizing the diffusion of overdamped
Langevin dynamics

T. LELIÈVRE1, G. PAVLIOTIS2, G. ROBIN3, RÉGIS SANTET1, G. STOLTZ1

1CERMICS, Ecole des Ponts, Marne-la-Vallée, France & MATHERIALS project-team, Inria Paris, France 2Department of Mathematics, Imperial College, London, United-Kingdom
3CNRS & Laboratoire de Mathématiques et Modélisation d’Évry, Évry, France

IMPROVE SAMPLING FOR METASTABLE DYNAMICS

V (q) = sin(4πq)(2 + sin(2πq)) Markov chains Diffusion coefficients Transition times
typical trajectories (RWMH, unperiodized) from the deepest well to its nearby copy, average of 105 transitions

DIFFUSION DEPENDENT OVERDAMPED LANGEVIN DYNAMICS

• Aim: Improve sampling efficiency when estimating

Eπ[f ] =

∫
Td
f(q)π(q) dq with ÎN =

1

N

N∑
i=1

f(qi), qi ∼ π ∝ e−βV

•Method: Euler–Maruyama scheme + Metropolis–Hastings correction:

dqt =
(
−D(qt)∇V (qt) + β−1 divD(qt)

)
dt+

√
2β−1D(qt) dWt (1)

→Map D : Td → S+
d (R) introduced to favor exploration in anisotropic

or metastable potential landscapes2. If D ≡ Id, this is MALA4

•Main property: convergence quantified as3∥∥∥πt
π
− 1
∥∥∥
L2(π)
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π
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, qt ∼ πt

→LD = −β−1∇∗D∇ on L2(π) is the generator of (1)
→ Λ(D) is the spectral gap of −βLD > 0

• Idea: Compute D? leading to a large spectral gap
→ Numerically via an optimization procedure
→ Explicitly via a homogenization procedure

OPTIMIZATION PROBLEM

Objective function
From min-max principle:

Λ(D) = min
u∈H1(Td)

u 6=0


∫
Td
∇uTD∇udπ∫
Td
u2 dπ

∣∣∣∣∣∣∣∣
∫
Td
udπ = 0


→Need to normalizeD. If ‖D‖ ↑, then Λ(D) ↑, but ∆tD is what appears
in (1): timestep has to compensate ∆t ↓

Lp Constraint

D ∈ Da,b
p =

{
D ∈ L∞π (Td,Ma,b)

∣∣ ‖D‖Lpπ 6 1
}

Ma,b =
{
M ∈ S+

d

∣∣∣∀ξ, a |ξ|2 6 ξTMξ 6 b−1 |ξ|2
}

Lpπ(Td,Ma,b) =
{
D, e−βV (q)D(q) ∈Ma,b a.e.

}
‖D‖Lpπ =

(∫
Td
|D(q)|pF e−βpV (q)dq

)1/p

THEORETICAL ANALYSIS

- V ∈ C∞(Td): V and π bounded
- π satisfies a Poincaré inequality

- Da,b
p weakly closed for Lpπ

- D 7→ Λ(D) is concave, semi-

lower continuous
→ Similar result for discretized
optimization problem

THEOREM. For any p ∈ [1,+∞) there
exists

D?p = arg max
D∈Da,bp

Λ(D)

such that
∥∥D?p∥∥Lpπ = 1 andD?p 6= 0 a.e.

CHARACTERIZATION OF A MAXIMIZER

Euler–Lagrange equation leads to
[
ker

(
LD?p − Λ(D?p)I

)
= Span

(
uiD?p

)
16i6N

]

D?p ∝
∣∣D?p∣∣2−pF

eβ(p−1)V
N∑
i=1

∇uiD?p ⊗∇u
i
D?p

If Λ(D?p) is isolated: D?p is of rank 1 a.e, and has to vanish on Td

• P1 FEM to compute (Λ(D), uD): A(D)uD = Λ(D)BuD

HOMOGENIZATION
• Issue: Optimization numerical procedure only helpful in low dimensions

• Goal: Obtain a good approximation/proxy

→ Asymptotic behaviour of the optimal diffusion in the homogenized limit1

→ Optimize the periodic homogenization limit

Vk(q) = V (kq)
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HOMOGENIZATION VS. OPTIMIZATION
V (q) = sin(4πq)(2 + sin(2πq)), a = b = 0, p = 2

Diffusion coefficient Constant Homogenized Optimal

Spectral gap 2.16 10.57 11.23

THEOREM. If d = 1, then D?Hom = eβV is a maximizer.
→ Suggests using D = eβV Id or D = eβF Id, F being the free energy
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