é Optimizing the diffusion of overdamped
Langevin dynamics e
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IMPROVE SAMPLING FOR METASTABLE DYNAMICS
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DIFFUSION DEPENDENT OVERDAMPED LANGEVIN DYNAMICS

e Aim: Improve sampling efficiency when estimating e Main property: convergence quantified as’
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e Method: Euler-Maruyama scheme + Metropolis—Hastings correction: — Lp = —B7 V"DV on L*() is the generator of (1)

— A(D) is the spectral gap of —5Lp > 0
— (_ —1 3 —1

dgr = (~D(@)VV(g) + 57" divD(g,)) dt + /2671 D(q) dW: | (1) e Idea: Compute D* leading to a large spectral gap

— Map D: T? — S (R) introduced to favor exploration in anisotropic — Numerically via an optimization procedure
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or metastable potential landscapes”. It D = I, this is MALA — Explicitly via a homogenization procedure

OPTIMIZATION PROBLEM

LP Constraint
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Objective function
From min-max principle:

| VuDVudr Map = {M € SF| &, ale] <€TMe <b7 (€]
/ u2 drr Lg(Tdea,b) — {Da e_BV(q)D(Q) < Ma,b a-e-}
= 1/p
— Need to normalize D. If || D|| 1, then A(D) 1, but AtD is what appears D(q) | e‘ﬁpv(‘”dq>

in (1): timestep has to compensate At |

THEORETICAL ANALYSIS CHARACTERIZATION OF A MAXIMIZER

-V €C*(T%): Vand rbounded ~ THEOREM. For any p € [1, +00) there Euler-Lagrange equation leads to [ker (£ps — A(D))T) = Span (ul. )
- 7 satisties a Poincaré inequality exists

- D% weakly closed for L2

- D — A(D) is concave, semi-
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lower continuous
— Similar result for discretized Suchthat||Di[[,, =1land D} #0a.e. If A(D}) is isolated: D is of rank 1 a.e, and has to vanish on T*

optimization problem e P, FEM to compute (A(D),up): | A(D)up = A(D)Bup

HOMOGENIZATION

e Issue: Optimization numerical procedure only helpful in low dimensions

HOMOGENIZATION VS. OPTIMIZATION
V(q) = sin(4mq)(2 + sin(27wq)),a =b=0,p = 2

Diffusion coetficient | Constant Homogenized Optimal

Spectral gap 2.16 10.57 11.23

e Goal: Obtain a good approximation/proxy

— Asymptotic behaviour of the optimal diffusion in the homogenized limit'

— Optimize the periodic homogenization limit
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| /\ /\ :E%UT Homogenization THEOREM. If d = 1/ then DItIom — eBV IS a maximizer.

— Suggests using D = ¢’V 1; or D = "1, F being the free energy
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